Practice papers 1-3 markscheme

(pages 746-754)

Paper 1
1- 2 in(2
1. (a) J.sinzxdx=J.de=z—M+c M1A1A1
2 2 4
X sin(2x) i /4
b) | =———=| == M1A1
2 4 2
0
2. (a) logx+logy=p+q (M1)A1
(b) logx® —logy =2logx—logy=2p—¢q (M1)A1
1
(c) log| x? =llogx=lp (M1)A1
2 2
(d) logl00+logy=2+g¢ (M1)A1
3. (a) This is an Arithmetic Progression with common difference 2. (R1)
Let the length of the first piece be a.
290:%(2a+9x2) M1
290=10a+90 = a=20cm Al
(b) u,, =20+9%x2=38 cm M1A1
4 1 T 4
4 2x+1dx-[;ln(2x+l)]0 M1A1
=1n9-0 M1A1
=In3 Al
5 (i) meaningful Al
(i) meaningless; (b-c) is not a vector, so you cannot take the scalar product of a with it.
R1
(iii) meaningful Al

(iv) meaningless; (b-C) is not a vector, so you cannot take vector product of a withit. R1

(v) meaningless; both a and (b -c) are vectors, so you cannot perform scalar multiplication.

R1
(vi) meaningful Al
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6. 1 n(} tan X - x is of indeterminant form % , S0 can use L'Hopital’s rule. M1
X—> X
d
. tanx—x . d—(tanx—x)
li — =lim X
x—0 X x—0 d 3
g(x )
. sec’x—1 . 0 . .
=lim —— Indeterminant form — = L’Hopital applies. Al
x—0 3x 0
d(. 2
. tanx—x —x(sec x—l)
lim — =lim M1
x—0 X x—0 d 3 2
23¢)
2
=limM. Indeterminant form 9 = L’Hopital applies.Al
x—>0 6x O
fanx—x i(2 sec’ xtanx)
lim =% — Jim 4 M1
x—0 X x—0 d
——(6x)
dx
2 2 4
=lim4sec xtan” x + 2sec x:l ALAL
x—0 6 3
) =t 4 3 272 3,4 4
) f'(x)zlim(x ) —x i XA+ 6 +4xh’ + b~ x M1ALML
h—0 h h—0 h
= %1113 (4x° +6x°h+4xh> +h’) =4x Al1A1
8. (a) p(0)=9=b=9 M1A1
p(-1)=16=>-1-1-a+9=16=>a=-9 M1A1
(b) p(x)=x"—x"-9x+9 p(l) =0:>(x—1) is a factor
p(x)=(x-1)(x*-9) = (x—l)(x—3)(x+3) M1A1A1A1
9. (a)(i) —10 (ii) 24 A1A1
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10.

(b) (i) graph has been moved 1 unit to the right, so each root has been increased by 1. R1

New sum =—-10+4x1=-6

(i) product of roots is (—1)4 ) a, =1
a,

a,=q(0)=p(-1)=1-10+35-50+24=0

product of roots is 0

Long Questions

10.(a) D=36—4(8+k)=4—4k

(b) (i) Concave-up quadratic, always positive, so no roots.
So D<0

(i D=4-4k<0=>k>1

(© f(x)=(x+3) +(k-1)

(d) f(x)>0=>(x+3) +(k=1)>0=>k~1>0 since (x+3)" 20 forall x.
Hence k >1 as found in (b) (ii).

(e)for k=4, f(x)=(x+3)" +3 somin point is (3,3)

11. Let P(n) be the statement Zixi! =(m+1)!-1.
i=1

LHS of P(1)is 1. RHS of P(1)is 2!-1=1. So P(1)is true.

Assume P(k) is true and attempt to prove P(k + l)

k+1

k
Doixil=Yixil+ (k+)x(k+1)1=(k+1)=1+(k+1)x(k+1)!
i=1 i=1

= (k+2)x(k+1)!—1 = (k+2)!—1 as required.

M1A1

R1R1
Al

M1A1
M1A1l

RiM1
AlAl

(M1)

M1A1

M1
M1A1l

M1A1

Al

M1

M1
Al

Since P(l) is true and P(k) true implies P(k + 1) true, by the principle of mathematical induction

the statement has been proved forall n e[ *.

n

R1

(b) D (i+1=D)xil=) (i+1)xilil=Y (i+1)l=> il=(n+1)I~1 asalmost all the terms
i=1

i=1 i=1 i=1

cancel
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12(a) 24—12(22—1)(22+1)=(z—1)(z+1)(22+1):O M1A1
=z=1,-1,1, or —i. A1A1
(b) (rcisé?)8 =1cis0 = ricis8f =1cis0 = r*  =1=r=1, M1
89 =012n7z,nell :Hzi%,ne[l Al
. 4 4 . 3rx . . T . T . 3x
z =1cis0, Icis—, lcis—, lcis—, lcisz, lcis——, lcis——, lcis—— A4
4 2 4 4 2 4
. .. 1 1.
(c) 101s£=cos£+1sm£=—+—1 M1A1
4 4 2 2
(d) izeigzxﬁ:ei%zlcislzL+Li by part (c). Al
4 2 2
1
13.(a) dx = | kdt M1
Jx(l—x) '[
1 1
[—+——dv=kt+c M1A1A1
x 1—-x
Inx—In(1-x)=kt+c Al
ln(ijzkﬁc Al
1-x
X zekt+c :ecekt =Aekt A1AG
1-x
1 1
(b) 2—=Ade’ = A=— M1A1
1-4 2
3 1
() —%2—=—e"=e" =2 M1A1
-4 2
(d) x 1 =l(ek)2 _1ly, M1A1
1-x 2 2 2
x=2—2x:3x=2:x=% M1A1
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Paper 2
1. P(X>7)=0.69146:>P(X<7)=1—0.69146=0.30854 Al
Applying substitution Z = ﬁ, where Z ~ N(O,lz), gives M1
o
P(Z < _—IJ =0.30854 M1
o
Using inverse normal _—1 =-0.49999... M1A1
o
Soo=2 Al
2.(a)

35 40

Al

(b) Let the monster’s height be h and the original distance between Maria and the monster be

X.

ﬁztan40, than35 M1A1
X x+5

xtan40 = (x+5)tan35 M1
x(tan 40 —tan35) = 5tan 35 Al
yo— 235 5506 Al
(tan 40 —tan 35)

h=xtan40=21.2m (3s.f) Al

[Note: this problem can also be solved using the sine rule.]
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3. (a) t=0=>v=0 Al
(b) total distance is .[:‘5 sin(t2 )‘dt =8.51 m(3s.f)
M1A2
(c) displacement is J‘(:Ssin(t2 )dt =+3.87 m (3s.f.)
M1A2
4, Probability that at least one engine is OK on awing=1-0.1x0.1=0.99 M1A1l
Probability that both wings are OK =0.99° =0.9801(4 d.p.)
M1A1
5 (a) '[_lle"z dx =2.93(3sf) M1A2
b) 7| (e)dx =14.93sf) M1A2
6. S b =290 o C 534600 126,54, M1A1
sinC  sin40
B =86.54...0r 13.46... Al
Area= 1 x5x4sin86.54...o0r £ x5x4sin13.46... 998 0r2.33 M1A1
So B=1346...
. A€ _ _4 AC =145 (3sf) M1A1
sin13.46... sin40
7.(a) By symmetry the mode occursat X =n R1
(b) P(X = n) = % = n=4 (by use of “table” command on GDC) A2
8.(a) A=’ d—A=27rr£ M1A1
dt dt
dA
— =27x5%x0.1=3.14(3 s.f.) km*/h M1A1
r=5
(b) 6=d—A=27rr><0.1:>r=L=9.55km(3s.f.) M1A1
dt 027
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1 2 3|7 1 2 3 7 1 2 3 7
9.(a) 4 -1 -1]6 0 -9 -13 |-22 0 -9 -13 |-22

5 1 k|12 0 -9 k-15|-23 0 0 k-2 -1
So k =2 for no solutions. M1A1A1A1
(b) x=2,y=1,z=1 Al1A1Al

Long Questions

10. (a)
vow=1x2+2x(-1)+3x2=6
M1A1
Also, Veow= |v||w| cosd
=V12 42243222 +(=1)" +2% cos @
=+/14x3cos @ Al
2
cosd=——=0=57.7 (3sf) A1A1
Jia 4
(b) The planes are perpendicular to v and w R1
Angle between planes equals angle between perpendiculars=57.7" (3sf") R1A1
(c) lineis parallel to w , angle between perpendicular to plane and the line is 57.7°
R1R1
So angle between plane and line is 90° —57.7° =32.3°(3sf) . Al
(d) Point on the line has the form x =24+5,y=-4-6,z=24+5 M1A1
Require 2A+5-21-124+61+15+4=0=>1=-2 M1A1
Point is (1,—4,1) Al
11. (a) (i) x=5 (ii) y=3 Al1Al
b) i) (0-%) i) (~1,0)
AlAl
) , 6(2x-10)—(6x+3)2 66
() (). f'(x)= ( )= . )2__ . M1A1
(2x—10) (2x—10)

(ii) f’(x) is always negative so graph is always decreasing R1A1
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A3
117
e =——x+— (3s.f. Al1A1
(e) PR (3s.f)
12. (a) 2x0.8° =0.655(3sf)m M1A1
(b) solving 2x0.8" < 0.25 gives n =10 M1A2
(c) heights of bounce form an infinite GP with a =2,r =§ . M1
S = 2 =10 M1A1
Total distance ball travels is twice each height, except the first one. R1
So the total distance is 25, —2=2x10-2=18 m A2
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(d) times also form an infinite GP R1

2 =>5¢ gives first term of ¢, = \/% : Al

\/5
tz\/E:Commonratiofortist—z= S _ S—2=\/E Al
5 1 \/E s, V5
5

Total time is twice the time it takes to travel each distance s, except for the first one.

So the total distance is 25, — \/% R1

F
=2 S

—\/§=11.3s (3s.f) M1A2

1-4/% 5

13. (a) Iacos;rxdle: [isinﬂx} =(£j—(—£j —l=a=2 M1A1A1
s V4 o\ V4 2

[S1e

; Vs
b) (i) u= — dx=0
(b) (i) u _J;xzcowrx X

M1A1

1

(i) o> = | xz%cos;rxdx—OZ:O.0474(3sf) M1A1
P(0<x<%) 0.3535...
P(x > 0) 0.5

(c) P(x<ix>0)= =0.707 (3sf) M1A1A1
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Paper 3
1. (a)(i) arithmetic progression Al
(ii) u, =u +(n-1>b Al
(i) S, :E(2u1+(n—l)b) Al
(b)(i) Geometric progression Al
(ii) u, =ua"" Al
(iii) S =u, @’ - 1) Al
(1)
() (i) uy=3,, u; =7, u, =15, u; =31. Al1A1
(i) u =2" -1 Al
(iii) Let P(n) be the statement u, =2" 1.
P(1)=2"-1=1 which is true, since the question gives 1, =1. Al
Assume the result for P(k) and attempt to prove for P(k+1). M1

By the recurrence relation, u,,, =2u, +1= 2(2" - 1) +1=2""-1 asrequired

M1A1A1
Since P(1)is true and P(k)true implies P(k +1)is also true. Hence, by the principle
of mathematical induction, P(n) is true forall nell". R1
(d)(i) u,,, +c=a(u, +c)=>u,, =au,+ac—c=ac—c=>b M1A1
—>C= A].
a-—1

(ii)v, =u, +c

n+l

=\au +ac—c)+c
(au, )

= a(un + c)

=avy,
Hence, v,,, = av,, which is a geometric progression Al
(i) v, =a" v, Al

- b - -
(iv)u, +c=a""'(u,+c)=>u,+——=a""'uy +a"" M1A1
a-1 a-1
n—-1
a -1

=u, =a""u + bu Al

a—1
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n-1
(e) General formula gives 2" x1+ 1u =2""42""-1=2" -1 giving agreement

M1A1l
2.
(a) 0.881(3sf) A2
(b) arcsinx + ¢ Al
(c) Let x =siné , integral becomes J‘;cosﬂdﬂ M1A1
J1-sin* @
=Ild6’=6’+c=arcsinx+c Al1Al
2x —2x 2x —2x
(d) (coshx)z—(sinhx)2 _et2te” e -2+e =i:1 M1A1
4 4 4
e ) dsihy_ete’  ohx M1A1
dx
iy deoshx _el-e’ Giny M1A1
dx
(f) Let y=sinhx =2 _2"’
ey _ e—y
Then inverse function will be given by making y the subject of x = M1
2x=e’ —e”? = 2xe’ =(ey)2 -1= (ey)2 —2x(ey)—1 =0 M1A1
+ 2
eY=—2x‘“;x SN Al
Since ¢’ >0 we must take the positive square root. R1

y=arsinhx=1n(x+\/x2+1) AG

1
(g) [ = | —coshudu= 1du=arsinhx+c=ln(x+\/x2+1)+c
J‘\/1+sinh2u '[

M1A1A1A1
1
(h) _[01 ! dx = [1n(x+\/x2 +1)J = ln(l +\/§) which agrees with 0.881 M1A1

V1+x? 0
1
N 7=
0 J.\/1+tan2 0

. sec’ @ +secHtan O
0 .[secé?dﬁzj. tan @ +secd

sec’ Hdﬂzj.secﬂdﬁ M1A1

d6 =In(tand +secd)+c M1A1

(k) tan@=x, l+tan’O=sec’d, secO=+1+tan’@ =+1+x>
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So In(tan @ +sec ) +c =ln(x+\/1+x2)+c as before

M1A1
) f(x)=1+x(1+2)" M1A1
(1+x l+x ) f
1= dx dx
" J.\/Hx (1+x l+x ) J.\/ler X '[ (x) MIAL
=ln(f(x))+c 1n(x+\/ +Xx )+c as before Al
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